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For two locally flat (n-1)-spheres E1, E2 in Sn with .E1 n Lz=cp the 
closed connected region A(.E1, 1:2) of Sn bounded by 1:1 U L'z is called 
(as topological space) a pseudoannulus. It has been conjectured that 
A(.E1, .E2) is always homeomorphic with Sn x [0, 1], i.e. that every pseudo-
annulus is an annulus (annulus conjecture). Much information about the 
importance of this question and about related matters is contained in 
the fundamental paper [6] ofM. BROWN and H. GLUCK 1). By [1] A(E1. .E2) 
is an annulus iff any two (n-1)-balls Bi C .Ei, i=1, 2, are connectable 
(in symbols, B1 "'"'Bz) in Sn; this means that there is a locally flat (n-1)-
ball B in Sn such that Bi n B contains an open set of B for i = 1, 2. 
,....._,is an equivalence relation (connectability-relation) in the set of locally 
flat (n-1)-balls in Sn. It can be defined in any n-manifold. We show in 
theorem 1 that the topological space A(.E1, 1:2) is up to homeomorphism 
already determined by any two (n-1)-balls B 1 C Li, i= 1, 2. Then we 
can prove in some interesting special cases that two pseudoannuli are 
homeomorphic. Furthermore, we shall see in proposition 3 that 
A(.E1, L2) X [0, I] r-.J sn-1 X [0, 1] X [0, 1] implies that a certain double of 
A(E1 , .E2) is an annulus. Finally, the theorem leads to a weak connecta-
bility-relation and to certain interesting subgroups of the group of all 
homeomorphisms of Sn. 
The letters .E, resp. B always denote locally flat (n-1)-spheres, resp. 
(n -1 )-balls in sn (unless otherwise stated), "'-' means homeomorphic, 
and .E1 ,....._, E2 means B1 ,....._, Bz for one (and therefore any) pair Bi C Li, 
i = 1, 2. Furthermore, (/): A(.E1. .E2)-+ A(1:1*, E2*) shall imply (/J(.El) = E1 *, 
and if both pseudoannuli lie in the same Sn we call (/) stable, if (/) is the 
restriction of some stable homeomorphism of sn. 
1) For the following alternative formulation of the annulus conjecture (n;;, 5) 
and other useful remarks I am indebted to Prof. N. H. Kuiper. Let a topological 
h-cobordism between two (n-1)-spheres be given. As one can add on both sides 
outside an n-ball one gets a homotopy n-sphere which for n;;, 5 is a topological 
sphere by E. Connell [9) andM. H. A. Newman [8). So, for n;;, 5anh-cobordismgives 
a pseudoannulus lying in ann-sphere. Hence, for n;;, 5 pseudoannulus and (n-1)-
sphere h-cobordisms are the same thing and for n ? 5 the annulus conjecture holds 
iff every (n-1)-sphere h-cobordism is trivial. 
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Lemma 1: Let 1:'1, 1:'2, E2* be pairwise disjoint (n-1)-spheres and 
E2,.__,Ez*. There exists a stable homeomorphism W: A(E1, Ez):; A(E1, L'z*). 
Proof: l. case: E1 does not separate L'z, Ez*. As A(Ez, L'z*) is an 
annulus, the conclusion is clear if one sphere separates the remaining 
two spheres; if not each of the two pseudoannuli is homeomorphic as 
asserted to a pseudoannulus A(E1, I 2) where .f2 separates L't from 
L'z u L'z* and Iz ,.__, Ez ,.__, L'z*. 
2. case: E1 separates Ez, Ez*. Let I1 C A(E1, Ez) be an (n-1)-sphere 
with 1:'1 ,.__, I1, and not separating E1, 1:'2• From the first case we have 
A (E1, Ez*) "' A (E1, Ez*) "' A (I1, E2) "' A (E1, E2) by stable homeo-
morphisms. 
Remark: In the second case ofthe proofW!E1 cannot be the identity, 
because W exchanges the two n-balls bounded by 1:'1 in Sn and preserves 
the orientation of Sn. Therefore WI E1 interchanges the orientations of 1:'1. 
Theorem 1: If Et,.__,Et* for i=1,2, E1IIL'z=~, E1*IIL'z*=~, 
then A (1:'1, E2) =;A (E1*, L'z*) by a stable homeomorphism. 
Proof: By [l] 2.7 there are two disjoint spheres ftC Sn with Et ,.__, Et 
and It II (1:'1 u Ez u E1* u L'z*)=~ for i=1, 2. By lemma 1 the two 
pseudoannuli mentioned above are stably homeomorphic to A (E1, Iz). 
Corollary 1 : If 1.'1 C A (Ez, Ez*) separates Ez, L'z* and :if A(Ez, Ez*) 
is an annulus, then A (E1, 1:'2 ) "'A (E1, Ez*). 
Corollary 2 : For each pseudoannulus A (E1, 1:'2) there is a homeo-
morphism cp: 1:'1 - E1 s.t. the topological space A(E1, Ez) u'P A(E1, Ez) 
(obtained by pasting together two copies of A (E1, L'z) by cp) is an annulus. 
Proof (of corollary 2): As in corollary 1, one may imbed A(E1, 1:'2) 
into an annulus A(Ez, Ez*) and this annulus can be obtained by a suitable 
cp according to corollary 1. 
Proposition l: If E1, Ez C Sn-1 xSI, E1 II L'z=~ and if Et, i= 1, 2, 
is not homologous (mod 2) to zero, then E1 U 1:'2 divides Sn-1 x 81 into two 
homeomorphic pseudoannuli At(Eb Ez) i = 1, 2, with common boundary. 
Sketch of the proof for n:;:;, 3 : Take a lift Iz of E2 in the universal 
covering-space sn-1 X R of sn-1 xS1, and let eX be a generator of the 
Decktransformation-group. Because ex extends to a stable homeomorphism 
of the two-point-compactification sn of Sn-1 X R, Ez u cxfz bounds an 
annulus in Sn-1 x R. Apply the above corollary 1 to this annulus and a 
suitable lift of E1 and observe that the restrictions of the covering map 
to the two resulting pseudoannuli are topological. 
Corollary l: The following properties of A =A (1:'1, E2) are equivalent. 
(i) A is an annulus. (ii) There is a homeomorphism cp: E1 ~ Ez s.t. the 
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quotient space AT (which is obtained from A by identifying points by cp) is 
homeomorphic to sn-1 X S1. (iii) There is a pair !pi: Li ~ sn-1 X {i}, i = 1' 2, 
such that the space AT .. <p,=A V'~'•· "''Sn-l x [1, 2] ~s homeomorphic to 
Sn-1 xSl. 
Proof: (i) =- (ii) =-(iii) =- (i). The second arrow holds by setting 
Sn-l = £2 because then obviously A"' ~ AT. id.E,· For the last arrow the 
theorem applies by remarking that from a Meyer-Vietoris argument the 
images of Ir, £2 in AT .. T, are not homologous (mod 2) to zero. 
We remark that in (ii) and (iii) it is even sufficient to know that the 
arising manifolds admit a stable structure (c. [1] 5.5). 
For a further application we shall first give a simple proof of a generali-
sation of a result of A. C. CoNNOR [7]. 
Proposition 2: For any pseudoannulus A =A (£1 , £ 2) there ~s a 
homeomorphism 
F: {A X [0, 1J}\{L2 X {1}} ~ {Sn-1 X [0, 1] X [0, 1]}\{Sn-1 X {1} X {1}} 
with FIA X [0, 1): A X [0, 1) ~ sn-1 X [0, 1] X [0, 1). 
This is a consequence of the following lemma 2, where one should 
substitute: M=A, Q=£2 ; resp. M=Sn-1x[0,1], Q=Sn-1x{1}, and 
observe that A \L2 ~ sn-l X [0, 1). 
Lemma 2: Let M be a compact manifold and Q a union of components 
of the boundary lfl. There is a topological map 
F: {Mx [0, 1]}\{Q x {1}} ~ {M\Q} x [0, 1] with 
FIJ}f X [0, 1): M X [0, 1) ~ {M\Q} X [0, 1). 
Proof: First check the existence of a topological map f: {[0, 1] x 
x [0, 1]}\{(1, 1)} ~ [0, 1) x [0, 1] with the properties f(O, s)=(O, s) for 
O<;s<;1, f(t,1)=(t,1) for O<;t<1, f(t,O)=(}t,O) for O<;t<;1, /(1,s)= 
= (!(l +s), 0) for O<;s< 1. Hint: Fiber the domain off (standard imbedded 
in R2) by the closed segments lying on lines passing through the point (0, 2). 
By [5], Q is collared in M and thus we get injections 
Q=Qx{1}CQx[O, 1]CM, and BC{Mx[O, 1J}\{Qx{1}} for 
B={Qx[0,1]x[0,1]}\[Qx{1}x{1}}. We define F by FIB=idQxf, 
FJOB=id, where 0 means the complement in {M x [0, 1]}\{Q x {1 }}. 
Now one may ask whether the topological space A(£1, £ 2) x [0, 1] is 
also independent of the special pseudoannulus. If so, then its boundary 
is homeomorphic with sn-1 X S1• This seems to be an open question. In 
fact, a positive answer would imply another interesting property for 
pseudoannuli. With the notation A.E, =A (£1, £2) uidz. A(£1, £2), i = 1 or 2, 
' we get, 
Proposition 3: If (I) (A (£1, L2) X [0, 1]) ~ sn-1 xSl, then the 
double A.Ei is an annulus for i= 1, 2. 
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Proof: (E1 x {0}) u (E1 x {1}) bounds two pseudoannuli A1, A2 in 
(Ax [0, 1]) . One of them, say A1, is an annulus and the other is ob-
viously homeomorphic to AE,· Thus application of proposition 1 gives 
the assertion. 
Remark: Here, (I) may be replaced by one of the a priori weaker 
conditions: 
(II) (A x [0, 1 ])' admits a stable structure. 
(III) For B C E1 x {0}, p E B, q E E1 x {1} and y1, y2 two paths con-
necting p, q, resp. q, pin A1, resp. A2 one has B ~· B, where~ denotes 
the connectability-relation along the path Yl'Y2 in the sense of [1] 5.3. 
Proof of the remark: In (I)~ (II)~ (III) the first arrow is clear 
and the second follows by [1] 5.5. If q E B* C E1 x {1} then B* ~1 B 
because A1 is an annulus. Therefore B 2!... B* by (III) and ycl.yl'Y2 is 
homotopic to y2 (c. [1] 5.4). Thus by [1], 1.2 A2 r-.J AE, is an annulus. 
As the annulus conjecture is equivalent to the triviality of the connec-
tability relation r-..J (c. [1], 2.6), we remark that the following proposition 
which corresponds to proposition 2 here follows immediately from the 
generalized Schoenflies theorem [4] of dimension (n-1). 
Proposition 4: For any (n-1)-ball B C Rn=Rn x {0} C Rn x R=Rn+l 
and any n-ball E C Rn C Rn+l one has B x (0, 1) r-..J E. 
Theorem 1 suggests an a priori weaker ( = not stronger) connectability-
relation for (n-1)-balls in sn. 
Definition: B1 is called connectable to B2 relative B, in symbols 
B1(B)B2, iff there are three pairwise disjoint spheres E1, E2, E containing 
restrictions B'1, B'2, B' of the (n-1)-balls B1, B2, B such that 
A (E1, E) r-.J A (E2, E). (B) is an equivalence relation for fixed B. We 
omit the easy proof of this fact and of the following 
Proposition 5: 
a) BrwlB2, B r-..J B*, Be r-..J Bt*, for i= 1, 2 implies B1*fif()B2*· 
b) B1 r-..J B2 iff B1(B;) B2 
c) B1 r-..J B2 iff Brfif>B2 for all B. 
We call (B) trivial if B1(B)B2 is true for any pair B1, B2. If (B) is trivial 
for some B it follows from the generalized Schoenflies theorem that {m 
is trivial for a B contained in the equator Sn-1 of Sn. Therefore the annulus 
conjecture is true iff (B) is trivial for some B. (B) and r-..J are related to 
certain subgroups of the group H(Sn) of all homeomorphisms of Sn. First 
we recall the notation [6] for some subgroups of H(Sn); H+(Sn)={all 
orientation-preserving elements}, Hl(Sn) ={all elements weakly isotopic 
to the identity}, SH(Sn) ={all stable elements}. 
269 
We define: HB(S") = {f/J E H(Sn); f/J(B) ,_, B}, and CH(Sn) = n HB(S") = 
B cS" 
={all connectability-preserving elements}. The proof of the following 
proposition is straightforward. 
Proposition 6: 
a) Bt(iJiB2, f/J E HB(S") implies f/J(Bt)cmiP(B2). 
b) HB(S") is a subgroup of H(Sn) and {HB(Sn); B C Sn} is a complete 
system of conjugate subgroups of H(S"). 
c) CH(S") is an invariant subgroup of H(Sn) and SH(Sn) C CH(Sn). 
d) If HI(Sn-l)=H+(Sn-l) is true (which is the case for n=4 (cf. 
[l] 2.12)), then HB(Sn) () H+(Sn)=CH(Sn) () H+(Sn)=SH(Sn). 
The last statement can be considered as a partial converse to theorem l. 
By the subgroups CH(Sn) one may introduce "connectability-preserving" 
structures on manifolds according to the stable structures [6] and there 
is no reason to exclude the non-orientable case. 
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